Wick quantisation of a symplectic manifold 
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The notion of the Wick star-product is covariantly introduced for a general symplectic manifold equipped with 
two transverse polarisations. Along the lines of Fedosov method, the explicit procedure is given to construct 
the Wick symbols on the manifold. The cohomological obstruction is identified to the equivalence between the 
Wick star-product and the Fedosov one. In particular in the Kahler case, the Wick star-product is shown to be 
equivalent the Weyl one, iff the manifold is a Calabi-Yau one. 



1. INTRODUCTION 

The progress of the quantum field theory was 
always related, directly or indirectly, with in- 
depth study of the quantisation methods. Nowa- 
days we observe an explosive development in the 
deformation quantisation theory. In particular, 
for the symplectic manifolds Fedosov has sug- 
gested a simple method to construct a manifestly 
covariant star-product The Fedosov quan- 
tisation can be thought of as a direct general- 
isation of the Weyl symbols known for the lin- 
ear symplectic spaces. The Wick symbol is sup- 
posed to be more appropriate for the field the- 
ory quantisation, being underlaid by the notion of 
the creation and annihilation operators. Usually, 
the Fock space construction is known for the free 
fields only, whereas the nonlinearity is considered 
as a small perturbation to a linear background. 
This artificial disintegration of the theory into 
the "free" (linear) part and the (nonlinear) "in- 
teraction" is not always adequate to the problem, 
because it may break fundamental symmetries of 
the model. The extended list of examples is pro- 
vided to this problem by sigma models where the 
nonlinear metric can't be naturally represented as 
a constant "free" part plus "interaction". From 
this standpoint, the covariant Wick symbol con- 
struction acquires a primary importance for ap- 
plying the deformation quantisation schemes in 
the field theory. 

In general, the Wick and the Weyl quantisa- 
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tions are not equivalent to each other in the field 
theory even in the linear approximation because 
of possible quantum divergencies in the formal 
transformation from one symbol to another. The 
nontrivial geometry of the phase space may result 
in the cohomological obstruction to the equiva- 
lence between different symbols (even for the sys- 
tem with finite number degrees of freedom, i.e. 
without any divergencies). The explicit construc- 
tion for the Wick symbol seems to be very impor- 
tant to this end as well as an efficient criterion of 
identifying this symbol among the other ones. 

The classification of the star-products on a 
symplectic manifold has been studied in several 
works [||, Q Each equivalence class of 
the star-products has been shown to correspond 
to formal power series (in h) taking values in the 
second De Rham cohomologies. This result seems 
to be most transparent in the context of the Fe- 
dosov method , where the space of series in the 
second De Rham cohomologies naturally appears 
as a moduli space of the flat Fedosov connections 
of an auxiliary symbol bundle. Thus the equiv- 
alence class of the connection defines the equiva- 
lence class of the star-product and vice versa. 

In this talk we discuss covariant construction 
for the Wick-type symbol ^ and identify its 
equivalence class as a De Rham class of a cer- 
tain 2-form. In the Kahler case, the Wick and 
Weyl symbols turn out to be equivalent to each 
other iff the manifold is the Calabi-Yau one. 

In Sec 2 we briefly describe the Wick type sym- 
bol construction |^ based on the Fedosov ap- 
proach |If|. In Sec 3 we study the equivalence 
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between Wick and Weyl symbols. Conclusion is 
devoted to some open questions. 

2. FEDOSOV STAR-PRODUCT OF THE 
WICK TYPE 

Let (A/, {•, •}) be 2n-dimensional Poisson man- 
ifold with Poisson bracket 

{a, b} = u'^d^adjb, a,b e C°°(M). (1) 

Bellow we suppose that w*-' is nondegenerate, so 
that inverse matrix ujij defines the symplectic 2- 
form Lo = LOijdx^ A dx^ , which is closed in virtue 
of Jacobi identity for (|l|). The commutative al- 
gebra of smooth functions C°°{M) assigned by 
the Poisson bracket is called Poisson algebra of 
classical observables. 

The aim of deformation quantisation program 
is to define a new multiplication operation * 
(named a star-product) depending on ?i, which 
would be one-parametric associative deformation 
of the ordinary point-wise function multiplica- 
tion. More precisely, let C°°(M)[[?i]] be the space 
of formal series 

oo 

a = a(x, h) — 7i"a„(x), 

ri=0 

where an{x) G C°°{M). This space is regarded 
as the space of quantum observables. Then the 
star-product of two quantum observables is given 

by 

oo 

a* b = h,^Dn{a, b), 

where the following conditions are assumed to be 
satisfied: 

a) Dn are bi-differential operators on C°°(A/); 
6) Do{a, b) ~ ab: 

c) Di{a, b) — Di{b, a) = —i{a, b}. 

The deformation quantisation, being so de- 
fined, has a natural "gauge group" acting on the 
set of all star-products. Two star-products * and 
S are called equivalent if there exists an isomor- 
phism of algebras 

B:{C^{M)mi*)^{C-^{M)mii) (2) 

given by a formal differential operator 5 = 1 + 
fiBi+n^B2 + .... 



Given a Poisson manifold (Af.{-, .•}), the prob- 
lem of deformation quantisation is to describe all 
the star-products satisfying axioms a),b), c) up to 
the equivalence (^). 

As we have shown in the most natural co- 
variant way to define the Wick-type star-product 
is to introduce a complex-valued metric structure 
g^^ subject to certain conditions. To represent 
these conditions in a compact form, let us com- 
bine the Poisson bi- vector and the metric into the 
tensor field 

Il^^ix)^Lu^\x)+g^^x). (3) 

We also define a form 11 with the lower indices 
as Ilij — uJinUJjm^^''™' . The aforementioned con- 
ditions can be written as 

i) rankflli,) — -idimAf = n 

' (4) 

a) {ir"dnW'' ~ nj"a„n*'^')nfc„ = o 

These conditions guarantee the existence of two 
transverse Lagrangian polarisations on M associ- 
ated with left and right kernel distributions of the 
form n. The integrability condition ii) for these 
polarisations is also equivalent to existence of a 
torsion-free Levi-Civita connection preserving 11 
Q . In what follows we will refer to 11 as the Wick 
tensor. 

The most notable examples of the manifolds 
admitting Wick structure are provided by the 
Kahler manifolds. In this case nt = -n, and 
the left (right) kernel distribution of 11 generates 
the holomorphic (anti-holomorphic) polarisation. 
The case of a real metric g satisfying rels. (^) 
corresponds to the so-called para-Kahler geome- 
try§. 

The Wick-type deformation quantisation can 
be defined by replacing the axiom c) with a 
stronger one 

c') Dx{a,b)^-\W{x)diadjb. (5) 

In the paper ^ the modification of the Fedosov 
method was proposed to produce the ^-product 
satisfying the axioms of Wick-type quantisation. 
In so doing the Kahler and para-Kahler geome- 
tries are naturally related with the algebras of 
genuine Wick- and gp-symbols respectively. 

Let us now outline the main steps of our con- 
struction. First, note that Wick tensor 11 on 
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M determines a constant Wick structure on each 
tangent space T^M, which can be used to quan- 
tise TxM by means of standard Wick product. 
More precisely it is expressed by 
Definition. The formal algebra Wx associated 
to TxM is an associative algebra with a unit over 
C, whose elements are formal power series in the 
deformation parameter h with coefficients being 
formal polynomials on TxM: 



element a with deg]^(a) = p and deg2(a) — q we 
put 



Sa = dx^ A = ^[cu^jy'-dx^ , a], 



S~'a=< P + q dx^ 
0, otherwise 



(8) 



(9) 



a{y, h) 



E 

n,m>0 



■ y 



where y's are linear coordinates on TxM. The 
product of elements a,b lE Wx is defined by the 
Wick rule 

aob = exp(^^W^^^^y{y,n)b{z,h)U=y.{6) 

Taking a union of algebras Wx, x G M, we ob- 
tain a bundle W of formal Wick algebras, whose 
sections are formal functions 



a{x,y,h)^ ^ h"-a{x)nii...i 



n,m>0 



where a(a:^)nii...i,„ are components of symmetric 
covariant tensors on M . The o-product can natu- 
rally be extended to the space W^Aoi VF- valued 
differential forms by means of the usual exterior 
product of the scalar forms from A. The general 
element from (g) A reads 



a{x,y,dx,h)= ^ h^Ok^i^. 

2k+p,q>0 

xy^^ . . . y'-fdx^^ A ... A dx^" . 



.lj,]l....Jg 



{x)x 



(7) 



There are two useful gradings degj^ and deg2 de- 
fined on the homogeneous elements h, y, dx as fol- 
lows: degi(y') = 1, degi(;i) = 2, deg2(da;') = 1, 
and all other gradings are vanishing. One may see 
that W ® K \s the bi-graded associative algebra 
with respect to the gradings degi, deg2. The com- 
mutator of two homogeneous forms from W ® K 
is defined as 

[a, 6] = a o 6 - (_i)dog2(a)dog2(b)^ „ ^ 

Introduce the Fedosov operators 5 and (5^^ on 
W ® defined as follows. For a homogeneous 



Note that both the operators are nilpotent, but 
only 5 is the (inner) antiderivation of o-product. 
The properties of these operators are very simi- 
lar to those for the usual exterior differential and 
codiffcrcntial, in particular they satisfy to an ana- 
logue of the Hodgc-Dc Rham decomposition: 



(10) 



where cr(a) = a{x,Q,Q,h) denotes the canonical 
projection onto C°°(M)[[n]]. 

Now let V be a torsion-free connection respect- 
ing Wick tensor 11*^. It induces the covariant 
derivative onW ® K: 



Va = dx' A 



da 

dx^ 



y'^U-)^)^ (11) 



being the Christoffel symbols. 
Following Fedosov, consider more general con- 
nection of the form: 



D = V -5 



1 



(12) 



where r — ri{x, y, h)dx^ £W ® . Clearly, D is 
a derivation of o-product, i.e. 

D{aob) = Daob+ {-lf''3^'^''^a o Db. (13) 

A simple calculations show that 



D^a^—[n,a], \/aeW(E)A, 
in 



(14) 



n ^ --UJ + R- 5r + Vr + —r or. (15) 
2 in 

Here R = jRijuy'y^ dx^ A dx^ and Ri-ju = 
^inRj'ki is the curvature tensor of V. A connec- 
tion of the form ( p^ ) is called Abelian or flat if O 
does not depend on y's. In this case = 0. 
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Using the "Hodge-De Rham decomposition" 
([lO|), the Bianchi identity VR = and the sym- 
metry property of the curvature tensor, 

one may prove the foUowing counterparts of Fe- 
dosov's theorems. 

Theorem 1. Let V be any torsion-free connec- 
tion respecting symplectic form lu — Uijdx^ A dx^ . 
There is a unique Abelian connection D of the 



form ( li ) for which 



s-w = 0, 



O = —UJ 

2 



and the expansion for r involves elements of 
degi > 3. 

Denote by Wd the subspace of all parallel sec- 
tions in W with respect to a flat Fedosov con- 
nection (12). Due to rel.(^ the space Wd is 
an associative subalgebra. The next theorem es- 
tablishes isomorphism between Wd and C°°[[?i]], 
which induces a star-product on C°°[[?i]]. 
Theorem 2. For any formal function a G 
C°°(M)[[7i]] there is a unique section a G Wd 
such that a{d) = a. The pull-back of the o-product 
via a induces the Wick-type star-product on M: 

a*b^ a{{a-^a) o {a-^h)), Va, b e C°^{M)[[h]]. 

The elements r ^W ® and a ^ W mentioned 
in the Theorems can be efficiently constructed by 
iterating a pair of coupled equations 



r^S ^(R + Vr -\- ^r or), 
in 

a = a + (5"^(Va + ^[r, a]) 



(16) 



with respect to the first degree. 

As one may see, the rank condition imposed 
on n*-' is not so essential for the construc- 
tion of an associative ^-product obeying (||) . The 
only fact we have used here is the existence of a 
torsion-free connection preserving 11 and the re- 
versibility of the Poisson bi- vector a;*-' . The con- 
struction would work, for example, with a degen- 
erate g, when g = it reduces to the Fedosov 
quantisation. 



3. THE QUESTION OF EQUIVALENCE 

The rich geometry of symplectic manifolds 
equipped by the metric structure (|^) offers at 
least two different schemes for their quantisation: 
the Fedosov quantisation, which exploits only an- 
tisymmetric part of the Wick form 11 (^), and 
the deformation quantisation involving the entire 
form n to meet the condition (||). The question is 
whether these two quantisations are actually dif- 
ferent or an equivalence transform may be found 
to establish a global isomorphism between both 
algebras of quantum observables. Below we for- 
mulate the necessary and sufficient conditions for 
such an isomorphism to exist. As in the general 
case, the obstruction for equivalence of two star- 
products lies in the second De Rham cohomology 
of symplectic manifold and we identify a certain 
2-form as its representative. 

In order to distinguish Wick-type star product 
from the Weyl one, all the constructions related 
to the former product will be attributed by the 
additional symbol g (pointing on non-zero sym- 
metric part g in 11). In particular, through this 
section the fibre-wise multiplication (^ will be 
denoted by Og, while o will be reserved for the 
Fedosov o— product ^ resulting from (^ if put 
g^O. 

First we note that fibre-wise o and Og products 
are equivalent in the following sense: 

aogb = G-\GaoGb), ya,beW (17) 

where the formally invertible operator G reads as 



G 



ih ,;■ d d 



The operator G has following properties: 



VG = GV, 



5G = G5 



(18) 



(19) 



Using the automorphism G we can define a new 
Abelian connection D ~ GDgG^^, which in 
virtue of rels. (nM can be written as 



D = \/-5+^[r, 
in 



'^Gr„ 



(20) 



Here the brackets [•, •] stand for o-commutator. 
The elements r and r satisfy the equations 

F= (5"i(Gi? + VF-(5f + — FoF) (21) 

in 
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Sr H — — r o r) 
in 



(22) 



Thus we have two star-products * and * corre- 
sponding to the pair of Abehan connections D 
and D. Since D ^ D, in general, the action of the 
fibre-wise isomorphism G cstabHshing the equiv- 
alence between o and Og-products (and hence be- 
tween the star products * and *g) is not automat- 



ically followed by the equality * = '■ 
evaluating lowest orders in h we get: 

ih ■ 

a*b ^ ab + —uj'''^ViaVjb— 



Indeed, 



a*b = ab 



ih 

—Lu'^ViaW-jb- 



(23) 



where 



(24) 



^1 — "J iJfcjL 

n = ^{GR-R) = iR.jug'^dx'^ A dx' 

The 2-form £7 is closed in virtue of the Bianchi 
identity for the curvature tensor. In fact, rels. 
( p3| ) , (|2^) show that the second star product * is 
a so-called 1-differentiable deformation of * . 
This deformation is known to be trivial iff the 2- 
form 17 is exact Q . Now supposing VI = dip let us 
try to establish an equivalence between * and * by 
means of a fibre- wise conjugation automorphism 

a-^U oaoU~^, (25) 

where U is an invertible element of W . The el- 



ement U is so chosen that transformation (25) 
turns D to D. This is equivalent to 

DiUoaoU-^) = Uo{Da)oU-\ Va G VK(26) 

The last condition means that 

U-'^ oDU ^ ^Ar+ ^iP, (27) 
in in 

where Ar — r — r and "0 is a globally defined 
1-form on M. The compatibility condition for 
equation (|2^) resulting from the identity = 
requires that 



DAr + 4rAr o Ar + dtp ^ 
in 



(28) 



The analogous relation is obtained if we subtract 
(|2ll) from M) 



DAr 



1 



-Ar oAr + n = 



(29) 



Comparing (g8|) with ( |29| ) we conclude that the 
compatibility condition holds provided is exact. 
Now rewrite ( p7| ) in the form 

5U^\/U+^[r,U]-\uo(Ar + '4j) (30) 
in in 

and apply the operator S^^ to both sides of the 
equation. Using the Hodgc-Dc Rham decomposi- 
tion ( [l0| ) and taking a{U) = 1, we get 

U = l + d-\\/U+\[r, U]-^Uo{Ar + 'iP)){31) 



ih 



ih 



The iterations of the last equation yield a unique 
solution for ( ^0[ ) provided the compatibility con- 
dition (|2^ ) is fulfilled. Starting from 1, this so- 
lution defines an invertible element of W . Then 
the equivalence transform B : {C°°{M)[[h]], *) 
{C°°{M)[[h]], *g) we are looking for is defined as 
the sequence of maps 

Ba{x) = [U o G{a;\a)) o U'^^o, (32) 
so that 

a^gb:^ B-\{Ba)*{Bb)) (33) 

Thus we have prove the following 
Theorem 3. The obstruction to equivalence be- 
tween Weyl and Wick type deformation quanti- 
sations lies in the second De Rham cohomology 
H^{M). The quantisations are equivalent iff the 
2-form Rijkig^-' dx'^ A dx^ is exact. 

For the anti-Hermitian matrix 11 the 2-form 
fl is nothing but the Ricci form of the Kahler 
manifold. In this case the cohomology class of 
n, being proportional to the first Chern class 
ci(Af), is known to depend only on the complex 
structure of the manifold Since, for exam- 

ple, ci(CP") 7^ and for any Kahler manifold 
M a topological equivalence M ^ CP" implies 
a bi-holomorphic one g, the Weyl and Wick 
quantisations on CP" are not equivalent for any 
n. More generally, the Kahler manifolds with 
the vanishing first Chern class are known as the 
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Calabi-Yau ones. These manifolds have been in- 
tensively studied by physicists in the context of 
string compactification problem during the last 
decades. The above Theorem allows one to char- 
acterize these manifolds as those Kahler mani- 
folds on which Weyl and Wick quantisations are 
equivalent to each other. This observation might 
be crucial for the consistent string compactifica- 
tion on the Calabi-Yau in the presence of non- 
constant background B-field ||l^, [|3j. 

4. CONCLUDING REMARKS 

In this talk wc have explained a method to 
covariantly construct Wick-type symbol for the 
system whose phase space is equipped with both 
the symplectic structure and the metric one, in- 
terrelated by the conditions (||), (|4|). We have 
also described the relationship between Weyl and 
Wick symbols and the cohomological obstructions 
to their equivalence. Let us briefly discuss how 
this construction could be used in quantising field 
theories. First, the quantisation scheme should 
be extended to the constrained Hamiltonian sys- 
tems, as the phase space of strings and gauge 
fields is subject to constraints. A step has been 
done in this direction in the paper |^ , where the 
Weyl deformation quantisation is worked out for 
the Dirac brackets. Now this should be combined 
with the Wick structure of the constrained phase 
space. Second, it should be understood what 
could be taken as a natural symmetric phase space 
tensor gij (||),(0) for the constrained systems like 
strings in curved space-time. A possible way of 
finding this structure is to induce it from an en- 
veloping linear phase space (where one usually 
has an obvious Wick structure) to the nonlin- 
ear constrained surface. It is not quite obvious, 
however, that the constrained surface would be 
equipped in this way by an integrable Wick struc- 
ture. If the integrability condition (ii) (||) was 
not automatically satisfied for the induced Wick 
structure, one may hope to overcome this obsta- 
cle by introducing an appropriate torsion. This 
can probably be done in the way of the recent pa- 
per 1 14 1 where our construction of the Wick- type 
star-product ^ is generalised to the case of the 
almost Kahler manifold. 
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